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IVAN CHELTSOV AND CONSTANTIN SHRAMOV 

Abstract. We study exceptional quotient singularities. In particular, we prove an exception- 
ality criterion in terms of the a-invariant of Tian, and utilize it to classify four-dimensional and 
five-dimensional exceptional quotient singularities. 
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^> ' We assume that all varieties are projective, normal, and defined over 

oo ■ 

Q>^ ! 1. Introduction 

' Let A be a smooth Fano variety (see [19]), let g = g.-i be a Kahler metric with a Kahler form 

0\ ■ ■' 

g . a; = -i^2^9{Tjdz^ A rfz, e ci(A). 

Definition 1.1. The metric 5 is a Kahler-Einstein metric if 

^ ' Ric(a;) = 

H \ 

5r ! where Ric(a;) is a Ricci curvature of the metric g. 

Let G C Aut(A) be a compact subgroup. Suppose that g is G-invariant. 
Definition 1.2. Let PQ{X,g) be the set of C^-smooth (5-invariant functions such that 

oj + ^^^^ddip > 

and supx V = 0- Then the G-invariant a-invariant of the variety X is the number 

ag(A) = sup|a G Q 3 C G M such that J e^^'^w" ^ C for any ip G Pg(A, 5) |. 
The number aQ{X) was introduced in and [44]. 
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was supported by the grants RFFI No. 08-01-00395-a, N.Sh.-1987.2008.1 and EPSRC EP/E048412/1. 
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2 IVAN CHELTSOV AND CONSTANTIN SHRAMOV 

Theorem 1.3 ([l2])- The Fano variety X admits a G-invariant Kahler-Einstein metric if 

dimm 

aMX] > 



' dim(X) + 1 

The normahzed Kahler-Ricci flow on the smooth Fano X is defined by the equation 



(1.4) { dt 

U}{0) = U!, 



-mc{uj{t)) +uj{t), 



(1.6) 



where u}{t) is a Kahler form such that u;{t) € ci{X), and t G M^o- 

Remark 1.5. It fohows from [8] that the solution uj{t) to (jl.4p exists for every t > 0. 

The normalized Kahler-Ricci iteration on the smooth Fano X is defined by the equation 

J tOn-i = Ric(a;„), 
I Wo = w, 

where Un is a Kahler form such that a;„ G ci{X). 

Remark 1.7. It follows from |48) that the solution Un to 11.61 exists for every n ^ 1. 

Suppose that X admits a Kahler-Einstein metric with a Kahler form ujke- 
Theorem 1.8 (|45j). Any solution to (|1.4p converges to loke in the sense of Cheeger-Gromov. 
Theorem 1.9 ([36]). Any solution to (|1.6p converges to ujke in C°°(X)-topology if aQ{X) > 1. 

Smooth Fano manifolds that satisfy all hypotheses of Theorem 11.91 do exist. 
Example 1.10. Let X be a smooth del Pezzo surface such that Kj^ = 5. Then 

Aut(X) ^ §5, 

and agiX) = 2 (see P Example 1.11] and [IHl Appendix A]), where G ^ §5 or G ^ A5. 

Suppose, in addition, that X = P". 
Remark 1.11. If G is the maximal compact subgroup of Aut(P"'), then 

ag(P") =+00, 

and the initial metric g is the Fubini-Studi metric, which is a Kahler-Einstein metric. 

Yanir Rubinstein asked the following question in the Spring 2009. 
Question 1.12. Is there a finite subgroup G C Aut(P") such that a(5(P") > 1? 

This paper is inspired by Question 11.121 

Remark 1.13. It follows from ^ Theorem A.3] and Theorems [L38l [L39l [LiOl [LlD and [3T7l that 
the answer to Question 11.121 is positive in the case when n ^ 4 (cf. Conjecture ll.lSp . 

Let {V 9 O) be a germ of Kawamata log terminal singularity (see \23\ Definition 3.5]). 

Definition 1.14 ([39] Definition 1.5]). The singularity {V 3 O) is said to be exceptional if for 
every effective Q-divisor Dy on the variety V one of the following two conditions is satisfied: 

• either the log pair [V, Dy) is not log canonical, 
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or for every resolution of singularities tt: U ^ V there exists at most one vr-exceptional 
divisor Ei dU such that a{y,Dy^Ei) = —1, where 

r 

Ku + Du ~Q TT* (Kv + Dv)+a {V, , ) + ^ a (F, L>y , ^i) E„ 

4 = 2 



the divisors E2, ■ ■ ■ ,Er are vr-exceptional divisors different from Ei, and Du is the proper 
transform of the divisor Dy on the variety U. 

Note that the notion of exceptional Kawamata log terminal singularities is a direct general- 
ization of the Du Val singularities of type Eg, and Eg (cf. Theorem II. 38p . 

Remark 1.15. If V is smooth, then {V 3 O) is exceptional if and only if dim(y) = 1. 

It follows from [38] , and [28] that exceptional Kawamata log terminal singularities do exist 
in dimensions 2 and 3. The existence in dimension 4 follows from [20j and [32. Theorem 4.9]. 

Theorem 1.16. Exceptional Kawamata log terminal singularities exist in every dimension. 

Proof. Suppose that {V 9 O) is a Brieskorn-Pham hypersurface singularity 

n 

= OcC"+^^Spec(^C[xo,xi,...,x„ 

1=0 

where n ^ 3 and 2 ^ < ai < . . . < a^. Arguing as in the proof of [4, Theorem 34], we see that 
it follows from Theorem 13 . 1 2 1 that the singularity {V 3 O) is exceptional if 

^ 1 

1 < — < 1 + niin 

1 = 

and ao, ai, . . . , a„ are pairwise coprime. This is satisfied if oq, ai, . . . , a„ are primes and 

11 1 11 11 
(1.17) — + — + ... + <l<— + — + ... + + —. 

ao ai dn-i 0,0 ai a-n 

Let us use induction to construct the (n + l)-tuple (oq, ai . . . , a„) such that 

• the numbers ao,ai, . . . ,an are prime integers, 

• the (n -|- l)-tuple (oq, ai . . . , a^) satisfies the inequalities 11.171 

If n = 3, then the four-tuple (ao, ai, 02, as) = (2, 3, 7, 41) satisfies the inequalities 11.171 
Suppose that n ^ 4, and there are primes numbers 2 ^ cq < ci < C2 < . . . < c„_i such that 

11 1 11 11 
— + — + ... + < 1 < — + — + ... + + 




Co Ci C„_2 Co Ci Cn-2 C„_i 

and assume that c„_i > 8 is the largest prime with these properties (for the fixed cq, . . . , c„_2). 
It follows from c„„i > 8 that there are prime numbers pi,P2 and such that the inequalities 

c„_i <pi <P2 <P3 < 2c„_i 
hold (see |35i p. 209, (18)]). Put (oq, oi . . . , a„) = (cq, . . . , Cn-2,P2,P3)- Then 

n—2 ^ n—2 ^ n—2 .. ^ n—2 ^ ^ ^ 

El i X — > -L i V — > i i 1 V — ^ 111 

— + — <> — + — ^1<> - + - — + - — <> — + — + — 
i=o ^2 ~^a,i pi ^ Ci 2c„_i 2c„„i ^ tti p2 P3 

by the maximality assumption imposed on Cn-i- Hence the {n + l)-tuple (ao, ai . . . , On) satisfies 
the inequalities I1.17| which completes the proof^. □ 



The purpose of this paper is to study exceptional quotient singularities (cf. [28], [33 



^ Alternatively, one can use the Sylvester sequence to construct (ao, . . . , a„) explicitely (suggested by S. Galkin). 
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Conjecture 1.18. Exceptional quotient singularities exist in every dimension. 

Exceptional quotient singularities do exist in dimensions 2 and 3 (see [39], |28j). 
Remark 1.19. Quotient singularities are Kawamata log terminal by j23l Proposition 3.16]. 

Let G be a finite subgroup in GL(n + 1, C), where n ^ 1. Put 



and denote by Z{G) and [G, G] the center and the commutator of group G, respectively. Then 



if the group G has a semi-invariant of degree d. 

Remark 1.20. It follows from [10, Appendix A] that lct(P",G') = aQiF"^). 
Suppose that (V 9 O) is a quotient singularity C^^^/G. 

Remark 1.21. Let i? C G be a subgroup generated by all reflections (see |401 §4.1]). Then 

• the subgroup i? C G is normal, 

• the quotient C^^^/R is isomorphic to C"^"'^ (see [37J, [40^ Theorem 4.2.5]), 

• the subgroup R is trivial if G C SL(n + 1, C). 

In particular, if G is a trivial group, then {V B O) is not exceptional by Remark 11.151 

Example 1.22. Suppose that G is the subgroup number 32 in [^STj Table VII]. Then 

• the group G is generated by reflections (see [37]). 

• the singularity (V 3 O) is not exceptional by Remark ll.2H 

• it follows from Theorem [LlOj that lct(P^G) ^ 5/4. 

Suppose that G does not contain reflections (this is always the case if G C §L(n + 1,C)). 

Theorem 1.23. The following assertions hold: 

• the singularity iV 9 O) is exceptional if lct(F"', G) > 1, 

• the singularity {V 3 O) is not exceptional if one of the following conditions are satisfied: 

- the inequality lct(P",G) < 1 hold, 

— G has a semi-invariant of degree at most dim(y) = n + 1, 

• for any subgroup G' C GL(n + 1, C) such that 



Proof. The assertions follow from Theorem 13. 16] (cf. [33, Proposition 3.1], [55]. Lemma 3.1]). □ 
The assumption that G contains no reflections is crucial for Theorem ll.231 (see Example ll.22p . 



G = (k{G), 





4>{G') = G, 



the singularity {V 3 O) is exceptional 





Note that Conjecture 11.241 is a special case of Conjecture 13.61 (cf. [43] Question 1]). 
Remark 1.25. A semi-invariant of the group G is its invariant if 



Z{G) c [G,G] 



and G is a non-abelian simple group. 
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By Theorem 11.231 and [401 §4.5], if dim(y) = 2, then the following assertions are equivalent: 

• the singularity {V B O) is exceptional, 

• the subgroup G has no semi-invariants of degree at most 2, 

• the inequality lct{¥^,G) ^ 3/2 holds. 

Theorem 1.26 ( j28| Theorem 1.2]). If dim(y) = 3, then the following are equivalent: 

• the singularity {V B O) is exceptional, 

• the subgroup G does not have semi-invariants of degree at most 3. 

By Theorem EZZl if dim(y) = 3, then {V B O) is exceptional lct(p2, G) ^ 4/3. 

Example 1.27 ([33, Example 3.1]). Let T C SL(2,C) be a binary icosahedron group. Put 



G 





1 


an 


ai2 





^ 






021 


022 


















fell 


&12 




\ 








^21 


&22 / 



Oil Oi2 
021 022 



G r 9 



fell fel2 
fe21 fe22 



C SL 4,C 



where Ojj G C 9 hij. Then G does not have semi-invariants of degree at most 4, because F does 
not have semi-invariants of degree at most 4 (see [40', §4.5]). It follows from |331 Proposition 2.1] 
that the singularity {V B O) is not exceptional (cf. Theorem II. 29p . 

Hence, the assertion of Theorem 11.261 is no longer true if dim(y ) ^ 4. 

Definition 1.28 ([3]). The subgroup G C GL(n + 1,C) is said to be 

• transitive if the corresponding (n + l)-dimensional representation is irreducible, 

• primitive if there is no non-trivial decomposition 

1=1 

such that giVi) = Vj for all g £ G. 
Note that G is transitive if it is primitive. Note also that G = G/Z{G) if G is transitive. 
Theorem 1.29 ([33, Proposition 2.1]). If {V B O) is exceptional, then G is primitive. 
Proof. Suppose that G is not primitive. Then there is a non-trivial decomposition 



r 

Spec(c[xo,xi,...,x„]) ^C"+^ = 0y, 



i=l 

such that giVi) = Vj for all g £ G. We may assume that dim(Vi) ^ . . . ^ dim(V^)- 
Put d = dim(yi). Then d ^ [(n + l)/2j. We may assume that Vi C C"^"^ is given by 

Xd = Xd+l = Xd+2 = . . . = Xn = 0. 
Let A^i be a linear system on P" that consists of hyperplanes that are given by 

d-l 



= C = Proj (C [xo, XI , . . . , x„] ) , 



j=0 



where Aj G C. Let A^i, . . . , A^s be the G-orbit of the linear system A^i. Then 

n + l ^ ° 



i=l 
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where s ^ [(n + l)/d\. Let A C P" be a linear subspace that is given by xq 



Xd = 0. Then 



n + 1 



n + 1 



multA ^^Mi ^ multA(A^i) 



n + 1 



> d 



n 



dim (A), 



i=l 



S S 

which imphes that {V B O) is not exceptional by Lemma 13.51 and Theorem 13. 161 □ 
Up to conjugation, there are finitely many primitive finite subgroups in SL(n + l, C) (see [11]). 
Theorem 1.30. Suppose that lct(P",G') ^ 1. Then G is transitive. 

Proof. Arguing as in the proof of Theorem 11.291 we obtain the required assertion. □ 

Using [40, §4.5], j49j and direct computation, we see that it follows from Theorem 11.291 that 

' 6 if n = 1, 

lctfp",G'l ^ < 



2 if n 

3 if n 



2, 
3. 



Theorem 1.31. The inequality lct(P", G) ^ 4(n + 1) holds for every n ^ 1. 
Proof. Let p be any prime number which does not divide |G|. Then 

lct(P",G') ^p-l, 



because G has a semi-invariant of degree at most {p — l)(n + 1) by |4H Lemma 2]. 
By the Bertrand's postulate (see |,35j), there is a prime number p' such that 



2n + 3<p < 2(^2n + 3j 

which implies that p' ^ 4?7- + 5. Moreover, it follows from Theorems 11.231 and 11.291 that we may 
assume that G is primitive. Hence p' does not divide |G| by [14, Theorem 1]. □ 

Arguing as in the proof of Theorem 1 1 . 3 1 1 and using [30j, we obtain the following result. 
Corollary 1.32. Suppose that n ^ 23. Then lct(P", G) ^ 12(n + l)/5. 

In fact, we expect the following to be true (cf. [41J). 
Conjecture 1.33. There is q G M such that lct(P", G) ^ a for any G C Aut(P") and n ^ 1. 

Primitive finite subgroups of §L(n + 1,C) are classified in [3], [5], [26], [16], |17| for n ^ 6. 
Example 1.34 (see [21 §123], [SI])- Let EI be a subgroup in SL(4, C) that is generated by 



/ 1 \ 

1 

10 

\ 1 / 



/ 1 \ 

10 

1 

\ 1 y 








/I 

1 

0-1 

\ 



\ 




-1 / 



/ 1 




V 




-1 
1 




\ 





-1 / 



and let C SL(4,C) be the normalizer of the subgroup 
1 



Then there is an exact sequence 
-^Sfi ^1, 



where H = (H, diag(\/— !))• The following four subgroups of the group SL(4, C) are primitive: 

• the group Gi = N C SL(4, C), 

• a subgroup G2 ^ N such that a(E.) C G2 and /3(G2) = Ag, 

• a subgroup Gs CI N such that a(E.) C 6*3 and f3{Gs) = S5, where the embedding 

/3(G3) c §6 

is non-standard, i.e. the standard one twisted by an outer automorphism of §6, 
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• a subgroup G4 C G3 such that a(E.) C G4 and /3(G4) = A5. 

Example 1.35 (cf. Appendix Let EI be the Heisenberg group of ah unipotent 3 x 3-matrices 
with entries in F5. Then there are a monomorphism p: H — )■ SL(5,C) and an exact sequence 

1 ^HM ^Sl(2,F5) ^1, 

where HM C SL(5, C) is the normahzer of the subgroup p{M.). Moreover, 

• the subgroup HM C SL(5,C) is primitive (see [5] Theorem 9A], \1Q\). 

• the subgroup of HM of index 5 that contains a{M) is primitive. 

The main purpose of this paper is to prove the fohowing result (cf. Theorem II. 26p . 

Theorem 1.36. Suppose that dim(l/) ^ 5. Then the following are equivalent: 

• the singularity {V B O) is exceptional, 

• the group G is primitive and has no semi-invariants of degree at most dim(y). 

Proof. The required assertion follows from Theorems ll.23| 11.261 ll.29| 11.401 and 11.411 □ 

The assertion of Theorem 11.361 is no longer true if dim(l/) ^ 6 (see Example I3.20p . 
Remark 1.37. There exists a finite subgroup G' C SL(n + 1, C) such that 

0(G') = G C Aut(^P") ^PGL(^n + l,c), 

and {y B O) is exceptional <^=^ the singularity C"'"''^/G' is exceptional (see Theorem 1 1.23p . 
Suppose, in addition, that G C SL(n + 1,C). 

Theorem 1.38 ( {38| Example 5.2.3]). If dim(y) = 2, then the following are equivalent: 

• the singularity {V B O) is exceptional, 

• the group G is isomorphic to one of the groups A4, §4 or A5. 

Theorem 1.39 ([28j Theorem 3.13]). If dim(y) = 3, then the following are equivalent: 

• the singularity {V B O) is exceptional, 

• either G = P§L(2,F7), or G = Ag, or G is isomorphic to one of the following groups: 

— the Hessian group, which can be characterized by the exact sequence 

1 H(^3,F3) ^ G ^ §4 ^ 1, 

where H(3, F3) is the Heisenberg group of unipotent 3 x 3-matrices with entries in F3, 

— the normal subgroup of the Hessian group of index 3 that contains H3(F3). 

In this paper we prove the following two results (cf. Remark 1 1.37p . 

Theorem 1.40. Suppose that dim(y) = 4. Then the following are equivalent: 

• the singularity {V B O) is exceptional, 

• the inequality lct(P_3,G) ^ 5/4_ holds. 

• either G = Ag, or G = Sq, or G = A7, or 

5,F3yO(5,F 



G5 

or G is isomorphic to one of the four groups constructed in Example 11.341 
Proof. The required assertion follows from Theorems ll.23( 14.31 and 14.61 and Lemma 14.91 □ 

Theorem 1.41. Suppose that dim(l/) = 5. Then the following are equivalent: 

• the singularity {V B O) is exceptional, 

• the inequality lct(P^,G) ^ 6/5 holds. 
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• the group G is isomorphic to one of the two groups constructed in Example 11.351 
Proof. The required assertion follows from Theorems 11.23^ 15.5^ 15.11 and Lemmas 15.31 and 15.21 □ 

The structure of the paper is the following: 

• in Section [2] we collect auxiliary results, 

• in Section [3] we prove the exceptionality criterion for {V 3 O), 

• in Sections U] we prove results that are used in the proof of Theorem 11.401 

• in Sections [5] we prove results that are used in the proof of Theorem 11.411 

• in Appendix [A] we prove Corollarv IA.2I and Theorem IA.9I that are used in Section O 

Many of our results can be obtained by direct computations using information from [12| . 
Throughout the paper we use the following standard notation: 

• the symbol Z„ denotes the cyclic group of order n, 

• the symbol F„ denotes the finite field consisting of n elements, 

• the symbol denotes the symmetric group of degree n, 

• the symbol A„ denotes the alternating group of degree n, 

• the symbols §L(m,F„), PSL(m,F„), 0(m,F„) denote the corresponding linear groups, 

• the symbol k.G denotes any central extension of a group G with the center Z^,. 

We thank I. Arzhantsev, S.Galkin, V. Dotsenko, A. Khoroshkin, S.Loktev, D.Pasech- 
nik, V. Popov, Yu. Prokhorov, S. Rybakov, L. Rybnikov and V. Vologodsky for useful discussions. 
We thank T. Koppe for helping us access the classical German literature on Invariant Theory. 



Let X be a variety, let Bx and Dx be effective Q-divisors on the variety X such that the sin- 
gularities of the log pair {X,Bx) are Kawamata log terminal (see [23], Definition 3.5]), and 

Kx + Bx + Dx 

is a Q-Cartier divisor. Let Z C X be a closed non-empty subvariety. 
Definition 2.1. The log canonical threshold of the boundary Dx along Z is 



in the case when Bx = 0. For simplicity, we also put c{X,Dx) = cx{X, Dx)- 

Remark 2.2. The following conditions are equivalent: 

• the log pair {X, Bx + Dx) is Kawamata log terminal along Z, 

• the inequality cz{X, Bx , Dx) > 1 holds. 

Let LCS(X, Bx + Dx) C X be the subset such that 



for every point P £ X. Then the subset LCS(X, Bx + Dx) C A" is called the locus of log canon- 
ical singularities of the log pair {X, Bx + Dx) (see [38]). 

Theorem 2.3 ([HSJ Lemma 5.7]). Suppose that —{Kx + Bx + Dx) is nef and big. Then 



2. Preliminaries 






is connected. 
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Let IT : X ^ X he a birational morphism such that X is smooth. Then 

m 

K^ + B^ + Dx ~Q vr* (Kx + Bx + Dx)+Y, diEi, 

i=l 

where Bx and Dx are proper transforms of the divisors Bx and Dx on the variety X, respec- 
tively, di £ Q, and Ei is an exceptional divisor of the morphism vr. Note that 

r 
i=l 

where G Q^O) and Gi is prime Weil divisor on X. We may assume that 

(y''')u(S-) 

is a divisor with simple normal crossing. Put 

(m ^ \ 

1=1 i=l J 

Remark 2.4. The sheaf Bx +Dx) is an ideal sheaf, because Ui ^ for every i G {1, . . . ,r}. 
Let C{X, Bx + Dx) be a subscheme that corresponds to I{X, Bx + Dx)- Then 

Supp ^£ (x, Bx + Dx) ^ = LCS (x, + ^x) C X, 

and I{X,Bx) is known as the multiplier ideal sheaf of the log pair (X,Bx) (see [25j). 

Remark 2.5. If (X, + Dx) is log canonical, then C{X, Bx + -Dx) is reduced. 

Note that the subscheme C{X, Bx + Dx) is known as the subscheme of log canonical singu- 
larities of the log pair {X, Bx + Dx)- The subscheme C{X, Bx + Dx) was introduced in [38] . 

Theorem 2.6 ([251 Theorem 9.4.8]). Let H he a nef and big Q-divisor on X such that 

Kx + Bx + Dx + H = D 

for some Cartier divisor D on the variety X. Take i ^ 1. Then 

W (l(^X, Bx + Dx) ^D^ =0. 

Let I^CS{X, Bx + -Djf) be the set that consists of all possible centers of log canonical singu- 
larities of the log pair {X,Bx) (see [TDl Definition 2.2]). 

Remark 2.7. Let be a linear system on the variety X that has no base points. Put 

k 

i=l 

where H is a general divisor in and Zi d H \s an irreducible subvariety. Then 
Suppose that Z G LCS(X, Bx + Dx). 
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Definition 2.8. The subvariety Z is a minimal center in LCS(X, Bx + Dx) if the set 

LC§(X, Bx+Dx) 

does not contain subvarieties of the variety X that are proper subsets of the subvariety Z. 

Suppose that {X, Bx + Dx) is log canonical. Then C{X, Bx +Dx) is reduced by Remark [27 
Lemma 2.9 ([21, Proposition 1.5]). Let Z' be a center in I^CE{X, Bx + Dx) such that 



^ znz' = ^Zi 



1=1 



where Zi C Z is an irreducible subvariety. Then Zj G LCS(X, Bx + Dx) for every i £ {1, . . . , A:}. 
Suppose that Z is a minimal center in LCS(X, Bx + Dx)- 

Theorem 2.10 ( \22\ Theorem 1]). Let A be an ample Q-Cartier Q-divisor on X. Then 

• the variety Z is normal and has at most rational singularities, 

• there exists an effective Q-divisor Bz on the variety Z such that 

(^Kx + Bx + Dx + ^^qKz + Bz, 
and {Z,Bz) has Kawamata log terminal singularities. 
Let G C Aut(X) be a finite subgroup such that Bx and Dx are G-invariant. Then 

g{Z) G hCs(^X,Bx +Dx'^ 

for every g £ G, and the locus hCS{X, Bx + Dx) is G-invariant. But 

g{Z)ng'{Z)y^0 ^ g{Z)=g'{Z) 

for every g £ G 3 g' , because Z is a minimal center in LCS(X, Bx + Dx)- 

Lemma 2.11. Suppose that the divisor Bx+Dx is ample. Let e be an arbitrary rational number 
such that e > 1. Then there exists an effective G-invariant Q-divisor D on the variety X such that 



U{^(^)}' 



LCS(^X, D^ 

the log pair {X,D) is log canonical, and the equivalence D ~(q e{Bx + Dx) holds. 
Proof. Take m G Z such that m{Bx + Dx) is a very ample Cartier divisor. Take a general divisor 

nm ( Bx + Dx 



R G 

such that Z C Supp(i?) and R is G-invariant, where n ^ 0. Then 

IJ [g{Z)^ ChCslx,x(^Bx + Dx) + I-ir] ChCS(^X,Bx + Dx 

gdG \ ' 

for some positive rational numbers A and ^ such that A < 1 ^ A -|- iinm < e. One has 

A (^Bx + Dx) + fJ-R ~Q (A + /inm) (^Bx + Dx) ■ 
It follows from the generality of the divisor R that {X, fiR) is log terminal, and 

hCsix,\(^Bx + Dx)+f^R] = U 9{Z), 

V / geG 
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because A < 1 and n ^ 0. Then there is 9 £ Q>o such that 0<1 — 9fi^X<l and 

(J {<7(^)} C LCS^X, {l-9fi) [Bx + Dx) + ^^R^ C LCS^X, A^^x + Dx) + fiRj , 

but the log pair {X, (1 — 9^){Bx + Dx) + ^-R) is log canonical at the general point of Z. 

Note that for a fixed i?, the number is a function of /i. In the above process, we can choose 
the number /u so that 1 ^ 1 — + jjLnm < e and 

l.C^lx,{l - 9^i){Bx + Dx) + ^JiR \ = U {5(^)}, 



because Z is a minimal center in LCS(X, Bx + Dx)- Put 

= (1 - ^/.) + I^x) + ^i? + ^^^^^^^i=M, 
' V / nm 

where M is a general G-invariant divisor in Then D is the required divisor. □ 

Suppose that X = P". Let be a hyperplane in P''. 
Lemma 2.12. Suppose that LCS(X, i?x + Dx) is an equidimensional subvariety in P". Put 

{[/U — s — 1] if /i G Z, 
- s - 1] + 1 if ;u Z, 

where s = n- dim(LCS(X, Bx + Dx)), and /U G Q such that + = l^H. Then r ^ and 

deg(LCS(X,i?x+I)x)) ^ (''^'')- 
Proof. Put y = LCS(X, Bx + Dx)- Let 11 C P" be a general linear subspace of dimension s. Put 

D=[Bx + Dx] 

and A = n n. Then deg(y) = |y n n| and LCS(n, D) = H nUhy Remark O One has 

Ku + D= (/i-s- i)a. 
It follows from Theorem 12.61 that there is an exact sequence of cohomology groups 



n 



c{n,D) 

and Supp(£(n, D)) = LCS(n, D) = Y nUj^ 0. Therefore, we see that r ^ and 

+ r 



deg{Y) = \YnU\^h^Ocin,D)) ^ On(rA) =/iO Op.(r 



r 



which completes the proof. □ 
Let G be a finite subgroup in GL(n + 1, C) such that 

G = ^G), 

where (j): GL(n + 1, C) ^ Aut(P") = PGL(n + 1, C) is the natural projection. 

Lemma 2.13. Suppose that G is conjugate to a subgroup in GL(n + 1,M). Then 

• the subgroup G has an invariant of degree 2, 

• the inequality lct(P", G) ^ 2/(n + 1) holds. 

Proof. This is obvious. □ 
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Suppose that Z is G-invariant. Then there is a homomorphism G — )• Aut(Z). 

Lemma 2.14. If Z is not contained in a hnear subspace of P", then ^ is a monomorphism. 

Proof. The required assertion immediately fohows from the fact that eigenvectors that corre- 
spond to a fixed eigenvalue of any matrix in GL(n + 1, C) form a vector subspace in C"'^^. □ 

Let us conclude this section by the following well-known result. 

Theorem 2.15. Let G be a smooth irreducible curve of genus g ^ 2. Then 

|Aut(G)| ^ 84(5-1). 

Proof. The required inequality is the famous Hurwitz bound (see [Gj Theorem 3.17]). □ 

3. Exceptionality criterion 

Let X be a variety, let Bx be an effective Q-divisor on X such that the log pair {X, Bx) has 
at most Kawamata log terminal singularities, and the divisor —{Kx + Bx) is ample. 

Remark 3.1. The log pair {X,Bx) is called the log Fano variety. 

Let G C Aut(X) be a finite subgroup such that the divisor Bx is G-invariant. 

Definition 3.2. Global G-invariant log canonical threshold of the log Fano variety {X,Bx) is 

Dx is a G-invariant Q-Cartier effective Q-divisor 

on the variety X such that Dx ~q — ( Kx + Bx 



\ci[X, Bx^Gj =inf |c(X,Bx,^x) 

For simplicity, we use the following notation: 

• we put lct(X, Bx,G) = lct{X, G) if Bx = 0, 

• we put lct(X, Bx,G) = lct(X, Bx) if G is trivial, 

• we put lct{X, Bx,G) = lct{X) ii Bx = and G is trivial. 

Remark 3.3. Suppose that Bx = 0. Put V = X/G. Let 6: X he the quotient map. Then 

e*[Kv + Rv 

where Ry is a ramification (Q-)divisor of the morphism 6. Note that 

• the divisor —{Ky + Ry) is an ample Q-Cartier divisor, 

• the log pair iV^Ry) is Kawamata log terminal by [231 Proposition 3.16], 

• it follows from [23^ Proposition 3.16] that 



\ci[X,Gj = \ci[y,Ry^ 

If X is smooth and Bx = 0, then lct(X, G) = aQ{X) by [TOl Appendix A]. 
Example 3.4. Suppose that X^¥^. Then 

n 

Bx = ^ ajPj, 

i=l 

where Pi is a point, and G Q such that ^ < 1. We may assume that ag ^ . . . ^ ffln- Then 

\ci[X,Bx' ^""'^ 



2 - Y,i=i ai ' 

where YL^=i < 2, because the divisor —{Kx + Bx) is ample. It follows from Remark 13.31 that 

lct(x,G] = 



where A is a G-orbit of the smallest length (cf. Theorem II. 38p . 
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Lemma 3.5. The global log canonical threshold lct{X, Bx,G) is equal to 

Di is a linear system, Oj G Q such that ^ 0, 



inf < 



i=l 



the log pair X, Bx , ajPj 
\ i=i 

r 

the equivalence ajPj ~(Q - 



is G- invariant, 



> . 



K 



X 



Bx holds. 



i=l 



Proof. The required assertion follows from Definition 13.21 and [23| Theorem 4.8]. □ 

It is unknown whether lct{X, Bx,G) G Q or not (cf. |431 Question 1]). 
Conjecture 3.6. There is an effective G-invariant Q-divisor Dx on the variety X such that 

lct(x,Bx,G) =c{X,Bx,Dx) G Q, 
and the equivalence Dx ~q —{Kx + Bx) holds. 

Let iy 9 O) be a germ of a Kawamata log terminal singularity, and let vr : Vl^ — )• y be a bi- 
rational morphism such that the following hypotheses are satisfied: 

• the exceptional locus of tt consists of one irreducible divisor E C W such that O G vr(£'), 

• the log pair {W,E) has purely log terminal singularities (see [23l Definition 3.5]), 

• the divisor —E is a vr-ample Q-Cartier divisor. 

Theorem 3.7. The birational morphism n: W ^ V does exist. 

Proof. The required assertion follows from |32[ Proposition 2.9], [24[ Theorem 1.5] and [5]. □ 

We say that vr : — >• y is a pit blow up of the singularity {V 3 O). 
Definition 3.8. We say that (V B O) is weakly-exceptional if it has unique pit blow up. 

Weakly-exceptional Kawamata log terminal singularities do exist (see \24\ Example 2.2]). 
Lemma 3.9 ([Ml Corollary 1.7]). If (V 9 O) is weakly-exceptional, then 7r{E) = O. 

Suppose that Tr{E) = O. Let Ri, . . . , Rg be irreducible components of Sing(VF) such that 

dim{Ri) = dim{W) - 2 
and Ri C E for every i £ {1, . . . , s}. Put 

mi - 1 



i=l 

where rrij is the smallest positive integer such that rriiE is Cartier at a general point of R^. 

Lemma 3.10 ( \23\ Theorem 7.5]). The following assertions hold: 

• the variety E is normal, 

• the log pair (i?, Diff£;(0)) is Kawamata log terminal. 

Thus, the log pair (i?, Diff£;(0)) is a log Fano variety, because —E is vr-ample. 
Theorem 3.11 ([Ml Theorem 2.1]). The singularity {V 3 O) is weakly-exceptional if and only if 

lct(^,Diff£;(0)) ^ 1. 
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Theorem 3.12 ( |32^ Theorem 4.9]). The singularity {V B O) is exceptional if and only if 

c(£;,Diffs(0),Z)s) > 1 
for every effective Q-divisor De on the variety E such that De ~(Q —{Ke + Diff£;(0)). 

Thus, if the assertion of Conjecture 13.61 is true, then the following are equivalent: 

• the singularity iV 9 O) is exceptional, 

• the inequality lct(ii^, Diff£;(0)) > 1 holds. 

Corollary 3.13. If {V 3 O) is exceptional, then {V 3 O) is weakly-exceptional. 

Suppose, in addition, that iV 9 O) is a quotient singularity C'^'^'^ /G, where G is a finite sub- 
group in GL(n + 1,C). Suppose that G does not contain reflections (see Remark ll.2ip . Put 

G = <P{G), 

where (j): GL(n + 1, C) ^ Aut(P") = PGL(n + 1, C) is the natural projection. 
Remark 3.14. Let rj: C"^^ — t- ^ be the quotient map. Then there is a commutative diagram 

U 

7 

C"+l -r, V, 

where 7 is the blow up of O, the morphism a; is the quotient map that is induced by the lifted 
action of G on the variety U , and tt is a birational morphism. Then vr is a pit blow up of [V 3 O). 

Thus, to prove the existence of a pit blow up of {V 3 O) we do not need to use [2j. 

Theorem 3.15. The singularity {V 3 O) is weakly-exceptional <^=^ lct(P",G') ^ 1. 

Proof. Let us use the notation and assumptions of Remark 13.141 Put 

E = u{F), 

where F = is the exceptional divisor of the morphism 7. Then = P"/G. 
Since the group G does not contain reflections, it follows from Remark 13.31 that 

Ictl^P",^) = lct(^-E,Diffs 

which implies that {V 3 O) is weakly-exceptional if and only if lct(P", G) ^ 1 by Theorem 13. 121 

□ 

Theorem 3.16. The following are equivalent: 

• the singularity {V 3 O) is exceptional, 

• for any G-invariant effective Q-divisor D on P" such that 

D ~Q) — i^pn, 

the log pair (P", D) is Kawamata log terminal. 
Proof. Use the proof of Theorem [3TT5] together with Theorem 13 . 1 2 1 and |231 Proposition 3.16]. □ 
Let us show how to apply Theorems 13.151 and 13.161 (cf. [9, Example 1.9]). 

Theorem 3.17. Suppose that dim(y) = 3. Then the following are equivalent: 

• the singularity {V 3 O) is exceptional, 

• the subgroup G does not have semi-invariants of degree at most 3, 

• the inequality lct(p2,G) ^ 4/3 holds. 
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Proof. Suppose that (V B O) is exceptional. To complete the proof we must show that 

lct(p2,G') ^ ^, 

because all remaining implications follow from Theorem 11.231 

Suppose that the strict inequality lct(P^, G) < 4/3 holds. Then there exist a positive rational 
number A < 4/3 and an effective (5- invariant Q-divisor D on such that 

D ~(Q —Kf>2 ~ C'p2 (3) , 

and (P^,AD) is not Kawamata log terminal. We may assume that (P^jAZ?) is log canonical. 
Suppose that there is a G-invariant curve C C P'^ such that 

where fi is a rational number such that /i ^ 1, and is an effective Q-divisor, whose support 
does not contain any component of the curve C. Let L C P^ be a line. Then 

3AL ~Q XD ~Q fiC + r2 ~Q /ideg(C)L + Cl, 

which implies that deg(C) < 4. But G has no semi-invariants of degree at most 3. 
Therefore, the locus LCS(P^, AZ)) is a finite G-invariant set. Then 

LCS(P^AZ)) ^4, 

because G does not have semi- invariants of degree at most 3. 

Let I be the multiplier ideal sheaf of the log pair (P^, XD), let C be the log canonical singu- 
larities subscheme of the log pair (p2, AD). Then there is an exact sequence 

by TheoremEJl But /i°(p2, C'p2(l)) = 3 and h^{Oc) = |LCS(p2, AZ))| ^4. □ 

Theorem 3.18. Suppose that dim(y) = 3. Then the following are equivalent: 

• the inequality lct(p2,G') ^ 1 holds, 

• the group G does not have semi-invariants of degree at most 2. 

Proof. See the proof of Theorem 13.171 and use Theorem 13.151 □ 

Let Gi C GL(2,C) and G2 C GL(/,C) be finite subgroups, let M be the set of 2 x /-matrices 
with entries in C. For every ((71,52) € Gi x G2 and every M G M, put 



(51,52) (M) =giMg^^ G 



1 ^ Kv^T ~ m2l 



which induces a homomorphism 99: Gi x G2 — s- GL(2/,C). Note that |ker((y9)| ^ 2 if n is even, 
and (f is a monomorphism if n is odd. Let n = 2/ — 1. 

Lemma 3.19. Suppose that G = ip{Gi x G2). Then lct(P",G) < 1. 

Proof Put s = I — 1. Let : P^ x P* — ^ P" be the Segre embedding. Put 

Y = V-^pi X P"), 

and let Q be the linear system consisting of all quadric hypersurfaces in P" that pass through 
the subvariety Y. Then Q is a non-empty G-invariant linear system. The log pair 

(p",/q) 

is not log-canonical along Y, which implies that lct(P"',G) < 1 by Lemma 13.51 □ 
Let us show how to apply Lemma 13.191 (cf . Theorem I1.36P . 
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Example 3.20. Suppose that G = (p{Gi x G2) and / = 3. Then 

• the singularity {V B O) is not exceptional by Theorem 11.231 and Lemma |3.19|, 

• the group G has no semi-invariants of degree at most 6 if Gi = 2.A5 or G2 — S.Ag. 

Suppose that / = 2. The transposition of matrices in M induces an involution l G GL(4, C). 
Lemma 3.21. Suppose that G is generated by (p{Gi x G2) and l. Then lct(P^,G) < 1. 
Proof. See the proof of Lemma 13.191 □ 

4. FOUR-DIMENSIONAL CASE 

Let G he a finite subgroup in Aut(P'^). Then there is a finite subgroup in GL(4, C) such that 

^{G) = GC Aut(^p3) ^ PGL(^4,c) 
where 0: GL(4, C) — )• Aut(P^) is the natural projection. 

Theorem 4.1. The inequality lct(P'^,G) ^ 1 holds <;=^ the following conditions are satisfied: 

• the group G is transitive, 

• the group G does not have semi-invariants of degree at most 3, 

• there is no G-invariant smooth rational cubic curve in P^. 

Proof. Let us prove the =^-part. If G has a semi-invariant of degree at most 3, then 

lct(p3,G) ^ ^ 

by Definition 13.21 If G is not transitive, then lct(P'^,G) < 1 by Lemma 11.301 

Suppose that there is a G-invariant smooth rational cubic curve G C P^. Let R C ¥^ 
be the surface that is swept out by lines that are tangent to G. Then 

the surface R is G-invariant, and deg(i?) = 4. Hence, we see that lct(P^,G) < 5/6. 

Let us prove the <^-part. Suppose that G is transitive, the subgroup G has no semi-invariants 
of degree at most 3, there is no G-invariant smooth rational cubic curve in P'^, but lct(P^, G) < 1. 

There are an effective G-invariant Q-divisor D on P^ such that 

D ~(Q —K-p3 ~ Ops (4) 

and a positive rational number A < 1 such that {F^,XD) is strictly log canonical. 

Let S" C X be a minimal center in LCS(P^, XD). By Lemma 12.111 we may assume that 

LCS(P3,AZ)) = IJ {g{S)], 

where dim(S') 7^ 2, because G has no semi-invariants of degree at most 3. 

The locus LCS(P^,AL') is connected by Theorem 12.31 Then S is G-invariant by Lemma 12.91 
The group G is transitive, which implies that dim(S') 7^ 0. 

We see that S" is a curve. Then deg(S') ^ 3 by Lemma [2.121 and S is not contained in a plane, 
because G is transitive. Hence is a smooth rational cubic curve. □ 

Combining Lemma 12.141 Theorem 14.11 and the classification of finite subgroups in PSL(2,C), 
we easily obtain the following result (cf . Theorem I3.18P . 

Corollary 4.2. The inequality lct(P^,G) ^ 1 holds if the following conditions are satisfied: 

• the group G is transitive, 

• the group G does not have semi-invariants of degree at most 3, 
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• the inequahty \G\ ^61 holds. 

The main purpose of this section is to prove the fohowing result (cf . Theorem I1.26P . 

Theorem 4.3. The inequality lct(P'^,G') ^ 5/4 holds if the following conditions are satisfied: 

• the group G is primitive, 

• the group G does not have semi-invariants of degree at most 4, 

• the inequality \G\ ^ 169 holds. 

Proof. Suppose that G is primitive and does not have semi-invariants of degree at most 4, 
the inequality \G\ ^ 169 holds, but lct(P^,(5) < 5/4. Let us derive a contradiction. 
There are an effective G-invariant Q-divisor D on such that 

D ~(Q) —K-p3 ~ Ops (4) 

and a positive rational number A < 5/4 such that {¥^,XD) is strictly log canonical. 
Let S C X he a minimal center in the set LC§(P^, AD). Note that 

g{S) e LCS(^P^A^)) 

for every g G G, because the divisor D is G-invariant. It follows from Lemma 12.91 that 

g{S)ng'{S)^0 ^ g{S)=g'{S) 
for every g G G B g' . It follows from Lemma 12.111 that we may assume that 

LC§(p3,AZ)) = U {ais)}, 

g&G 

where dim(S') 7^ 2, because G has no semi-invariants of degree at most 4. 

Let X be the multiplier ideal sheaf of the log pair (P^,AL'), and let C be the log canonical 
singularities subscheme of the log pair (P^, AD). Then there is an exact sequence 

(4.4) H^{Ori{l)®'l) i?°(Op3(l)) H^(Oc®Ori{l)) H^{o^3{l)®Z^ = 

by Theorem 12.61 Then dim(S') 7^ 0, because G has no semi-invariants of degree at most 4. 
We see that is a curve. Then it follows from Theorem 12. 101 that 

• the curve S is a smooth curve of genus g, 

• the inequality 2g — 2 < deg(S') holds. 

Let Z be the G-orbit of the curve S. Then Z is smooth and deg(Z) ^ 6 by Lemma [2.12[ Then 

25 - 2 < deg{S) ^ 6, 

which implies that g ^ 3. Note that Z = C hy Remark 12.51 because (P^, XD) is log canonical. 
The curve Z is not contained in a plane, because G is transitive. 
Let r be the number of irreducible components of Z. Then 

6 ^ deg(Z) = rdeg(S'), 

which implies that r ^ 6. Note that g = if r ^ 3. 

Using the exact sequence 14.41 and the Riemann-Roch theorem, we see that 

(4.5) 4 = /i0(O£$DOp3(l)) =r(deg(5) -5 + 1), 

because C = Z and 2g — 2 < deg(S'). In particular, we see that r ^ 2. 

One has deg(S') ^ 1, because G is primitive. Thus S is not contained in a plane, because 
otherwise the G-orbit of the plane spanned by S would give a semi- invariant of G of degree 1 or 2. 

We have 6 ^ deg(Z) = rdeg(5) ^ 3r. 

Suppose that r = 2. Then deg(S') = 3 and g = 0, which contradicts the equalities 14.51 
We see that Z = S. Then (7 ^ 1 by Theorem 12.151 and Lemma 12.141 because |G| ^ 169. 
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Arguing as in the proof of Theorem 14.11 we see that g ^ 0, because G does not have semi- 
invariants of degree 4. Then g = 1 and deg(S') = 4 (see the equahties I4.5p . We see that 

S = Qir\Q2, 

where Qi and Q2 are irreducible quadrics in P^. Let V he a pencil generated by Qi and Q2- Put 

A= {sing(5i),Sing(52),Sing(53),Sing(54)} CP^ 

where Si, S2, S3, S4 are singular surfaces in V. Then |A| = 4 and A is G- invariant, which is im- 
possible, because G has no semi-invariants of degree 4. □ 

Suppose that G is primitive. By [3j and [13], we may assume that G C SL(4, C) and 

Z{G) c [G,G], 

where Z{G) and [G, G] are the center and the commutator of group G, respectively. 

Theorem 4.6 (see [3l Chapter VII] or [131 §8-5]). One of the two possibilities holds: 

• either G satisfies the hypotheses of Lemma 13.191 or Lemma 13. 2H 

• or G is one of the following groups: 

— A5 or §5, 

— SL(2,F5), 
-SL(2,F7), 

— 2.A6, which is a central extension of the group Ag = G, 

— 2. §6, which is a central extensior0 of the group Sg = G, 

— 2.A7, which is a central extension of the group A7 = G, 

— 0'(5,F3), which is a central extension of the commutator of the group 0(5,F3), 

— in the notation of Example 11.341 a primitive subgroup in N that contains q(IHI). 

Note that if there are two monomorphisms ii : G — )• §L(4, C) and L2 - G ^ SL(4, C) such that 
both subgroups ii(G) and t2(G) are primitive, then 

• it follows from [Sj Chapter VII] that ti(G) and i2{G) are conjugate, 

• it may happen that there is no element g G §L(4, C) that makes the diagram 



G 




Sl(4,c) ^SL(^4,c) 

commutative, where 6g is the conjugation by g (cf. [T2]). 

Lemma 4.7. Suppose that G = 2.Ae. Then G has no semi-invariants of degree at most 4. 

Proof. Semi-invariants of G are its invariants by Remark 11.251 and G has no odd degree invari- 
ants, because G contains a scalar matrix whose non-zero entries are —1. 

To complete the proof, it is enough to prove G has no invariants of degree 4. 

Let V = he the irreducible representation of the group G that corresponds to the embed- 
ding G C SL(4, C). Without loss of generality, we may assume that 

aV ^ 

is a permutation representation of the group G/ Z[G) = Ag, because G has two four-dimensional 
irreducible representations, which give one subgroup G C §L(4, C) up to conjugation. 

There are three non- isomorphic non-trivial central extensions of the group §6 with the center Z2, two of which 
are embedded in §L(4, C) (cf. 12 ). But up to conjugation there is one subgroup of PGL(4, C) isomorphic to §6- 
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Let X be its character, and let X4 be the character of the representation Sym^(y). Then 



1 



24 

for every g £ G. The values of the characters x s-^d Xi a-re listed in the following table. 





[5,l]io 


[5,1]5 


[4,2]8 


[3,3]6 


[3,3]3 


[3,1,1,1]6 


[3,1,1,1]3 


[2,2,1,1]4 


z 


e 


# 


144 


144 


180 


40 


40 


40 


40 


90 


1 


1 


X 


1 


-1 





-1 


1 


2 


-2 





-4 


4 


Xa 








-1 


2 


2 


-4 


-4 


3 


35 


35 



where the first row lists the types of the elements in G (for example, the symbol [5, l]io denotes 
the sel|l of order 10 elements whose image in Ag is a product of disjoint cycles of length 5 and 1), 
and z and e are the non-trivial element in the center of G and the identity element, respectively. 

Now one can check that the inner product of the character Xi a-^id the trivial character is zero, 
which implies that the subgroup G does not have invariants of degree 4. □ 

Corollary 4.8. If G = 2.S6 or G = 2.A7, then G has no semi-invariants of degree at most 4. 

Proof. Recall that these groups contain 2.A6 and we can apply Lemma l4.7i □ 

Recall that we assume that G is primitive and Z{G) C [G, G]. 

Lemma 4.9. The following two conditions are equivalent: 

• the subgroup G has no semi-invariants of degree at most 4, 

• the subgroup G is one of the following groups: 

- 2.A6, 2. §6 or 2.A7, 

- 0'(5,F3), 

- one of the four groups constructed in Example 11.341 

Proof. Let d be the smallest positive number such G has an semi-invariant of degree d. Then 

• if G = 2.A6, then the inequality d ^ 5 holds by Lemma 14.71 

• if G ^ 2.S6 or G ^ 2.A7, then the inequality d ^ 5 holdflby Corollary 

• if G ^ §L(2,F7), then the equality d = A holds by [27] and Remark [05l 

• if G ^ 0'(5, F3), then the equality d=l2 holds by [29] and Remark [L25l 

Suppose that G = §L(2, F5) = 2.A5. Then there is a G-invariant smooth rational cubic curve 

G c p^ 

because the representation G — )• GL(4, C) is a symmetric square of a two-dimensional represen- 
tation of the group G. By Theorem 14.11 the inequality d ^ 4 hold^. 

Let us use the notation of Example 11.341 By Theorem 14 . 6 1 and by Lemmas 12. 131 [3T9l and [3. 21) 
to complete the proof we may assume that G is a primitive subgroup in that contains a(EI). 

It follows from |34^ Lemma 3.18] that the group EI has no invariants of degree less than 4, 
and its invariants of degree 4 form a five-dimensional vector space W . 

The group /3(G) naturally acts on W . The following are equivalent: 

• the subgroup G has an invariant of degree 4, 

• the representation W has a one-dimensional subrepresentation of the group /3(G). 



Note that these sets do not coincide with conjugacy classes. For example, the image of the set of the elements 
of type [5, l]io under the natural projection 2.A6 — )■ Ae is a union of two different conjugacy classes in Ae. 
^One can check by direct computation that d = 8 if G = 2.A6 or G = 2.§b or G = 2.A7. 
^One can show that d = 4 in this case. 
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It follows from [31] that if G = A^, then W is an irreducible representation of /3(G) = Se- 
lf follows from [3, §123] that, up to conjugation, there exist exactly 9 possibilities for the sub- 
group G C N such that G is primitive. These possibilities are listed in the following table: 



Label of the group G 


/3(G) 


Generators of the subgroup /3(G) C Sg 


Splitting type 


13° 


Zs 


(24635) 


1,1,1,1,1 


14° 


Z5 X Z2 


(24635), (36)(45) 


1,2,2 


15° 


Z5 X Z4 


(24635), (3465) 


1,2,2 


16° 


A5 


(24635), (34)(56) 


1,4 


17° 


A5 


(24635), (12)(36) 


5 


18° 


§5 


(24635), (56) 


1,4 


19° 


§5 


(24635), (12)(34)(56) 


5 


20° 


As 


(24635), (12)(34) 


5 


21° 


§6 


(24635), (12) 


5 



where the first column lists the labels of the subgroup G according to O §123] and the last 
column lists the dimensions of the irreducible /3(G)-subrepresentation of in W. 

Note that EI has no semi-invariants of degree 3, because EI has no invariants of degree 3, 
the center of the group HI coincides with its commutator and acts non-trivially on cubic forms. 

The groups constructed in Example 11.341 are the subgroups 21°, 20°, 19°, 17°. We see that 

• the equality d ^ 4 holds if G is the subgroup 13°, 14°, 15°, 16° or 18°, 

• if G is the subgroup 17°, 19°, 20° or 21°, then the subgroup G has neither semi-invariants 
of degree less than 4, nor invariants of degree 4. 

Note that to prove the inequality d ^ 5 in the case when G is the subgroup 17°, 19°, 20° or 21°, 
it is enough to prove that the subgroup 17° does not have semi-invariants of degree 4. 

Suppose that G is the subgroup 17°, and suppose, in addition, that G does have a semi- 
invariant ^ of degree 4. Let us show that this assumption leads to a contradictiorH. 

Note that ^ is not El-invariant, because is not G-invariant and 

G/BI^/3(G) ^ A5 

is a simple group. Let Z be the center of the group EI. Put EI = (p{M). Then 

m/z ^m^zj, 

and Z acts trivially on <5. Thus, there is a homomorphism ^ : EI — t- C* such that 

ker(^) / EI, 

which implies that ker(^) = Z^, because im(x) is a cyclic group. 
Let : G — 7- Aut(EI) be the homomorphism such that 

for all g £ G and /i G EI. Consider EI as a vector space over F2 . Then 6 induces a monomorphism 

r: /3(G) ^Gl(4,F2), 

and ker(^) is a im(T)-invariant subspace. But im(r) = A5 has no non-trivial three-dimensional 
representations over F2, because |GL(3,F2)| = 168 is not divisible by IA5I = 60. Thus, we see 
that there is a non-zero element t S EI such that t is im(r)-invariant. 



One can check by direct computation that d = 8 if G is the subgroup 17°, 19°, 20° or 21°. 
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Let F C GL(4,F2) be the stabilizer of t. Then 

A5 ^ im(r) C F, 

which is impossible, because \F\ = 1344 is not divisible by IA5I = 60. 



□ 



5. FiVE-DIMENSIONAL CASE 



Let G be a finite primitive subgroup in Aut(F^). There is a subgroup G C SL(5, C) such that 



and Z{G) C [G,G] (see [5] and [T3]), where cp: GL(5,C) ^ Aut(P'') is the natural projection. 

Theorem 5.1 (see [5] or \13\ §8.5]). The subgroup G is one of the following groups: 

• A5, Ag, §5 or §6, 

• PSL(2,Fii), 

• 0'(3,F5), which is the commutator of the group 0(3,F5), 

• in the notation of Example II. 35 1 a primitive subgroup of HM that contains a(EI). 

Note that if there are two monomorphisms ii : G — )• SL(5, C) and L2 - G ^ SL(5, C) such that 
both subgroups ii{G) and t,2{G) are primitive, then ii{G) and /-2(G) are conjugate. 

Lemma 5.2. Suppose that G is one of the groups A5, Ag, S5, Sg, IPSL(2,Fii) or 0'(3,F5). Then 

• the subgroup G has an invariant of degree at most 4, 

• the inequality lct(P^,G') ^ 4/5 holds. 

Proof. If G is A5, Ag, S5 or Sq, then G has an invariant of degree 2 by Lemma 12.131 
If G = 0'(3,F5), then G has an invariant of degree 4 (see [7]). 

If G ^ PSL(2, Fii), then G has an invariant of degree 3 (see [1]). □ 
Let us use the notation of Example 11.351 Suppose that a{M) G CI MM. 

Lemma 5.3. The following are equivalent: 

• the subgroup G has no semi-invariants of degree at most 5, 

• either G = IHM or G is a subgroup of EIM of index 5. 

Proof. Let V be the vector space of H-invariant forms of degree 5. Then the group 



where V' and V" are three-dimensional im(/3)-invariant linear subspaces that arise from two non- 
equivalent three-dimensional representations of the group A5, respectively. 
Therefore, we see that the following are equivalent: 

• the group G has a semi- invariant of degree 5, 

• the subspace V has a /3(G)-invariant one-dimensional subspace. 

Let Z = Z2 be the center of the group HM/M = 2.A5. Then 2.A5/Z = A5 and 

• either /3(G) is cyclic, 

• or Z C f3{G) and f3{G)/Z is one of the following subgroups of A5: 



— dihedral group of order 6, 

— dihedral group of order 10, 

— the group Z2 x Z2, 

— the group A4, 

— the group A5. 
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If /3(G) is cyclic, then V' is a sum of one-dimensional /3(G)-invariant linear subspaces. Hence 
we may assume that Z C f3{G). Recall that Z = 7^2 acts trivially on V' . Thus, if 

then V' is a sum of one-dimensional /3(G)-invariant subspaces. 

If (3(G) /Z is a dihedral group, then V must have one-dimensional /3(G)-invariant subspace, 
because irreducible representations of dihedral groups are one-dimensional or two-dimensional. 

If f3{G)/Z ^ As or (3(G) /Z ^ A4, then V is an irreducible representation of /3(G)/Z, which 
implies that V is an irreducible representation of the group /3{G). 

Now using Corollary IA.21 we complete the proof. □ 

Suppose that G is a subgroup of the group IHM of index 5. 
Lemma 5.4. Let A be a G-invariant finite subset of P^. Then |A| ^ 10. 

Proof. The inequality follows from Lemma 15.31 and Corollary IA.2I □ 

The main purpose of this section is to prove the following result. 
Theorem 5.5. The inequality lct(P^,G) ^ 6/5 holds. 

Corollary 5.6. The inequality lct(P^,HM) ^ 6/5 holds, where MM = ^(IHIM). 

Let us prove Theorem 15.51 Suppose that lct(P^,G) < 6/5. Then there are a rational positive 
number A < 6/5 and an effective G-invariant Q-divisor D on P^ such that 

D ~(Q) —Kp4 ~ C'p4 (5) , 

and the log pair {¥^,XD) is strictly log canonical. 

Corollary 5.7. The locus LCS(P^,AZ)) is G-invariant. 

Let 5 be a minimal center in LCS(P^,AL'), let Z be the G-orbit of the subvariety S" C P^, 
and let r be the number of irreducible components of the subvariety Z. We may assume that 

LCS(P^AD) = U {g{S)] 

by Lemma [2311 Then Supp(Z) = LCS(P^, AD). It follows from Lemma US] that 

g{S)r\g'{S)^0 ^ g{S)=g'{S) 
for every g £ G 3 g' . Then deg{Z) = rdeg(S'). 
Lemma 5.8. The equality dim(S') = 3 is impossible. 

Proof. Suppose that dim(5) = 3. Then there is /i G Q such that /i ^ 1/A and 

D = nZ + nr^Q Op4 (5) , 

where Q is an effective G-invariant Q-divisor on P^. Then 

deg(Z) ^ - ^ ^ < 6, 

/i A 

which is impossible, because G has no semi-invariants of degree at most 5 by Lemma 15.31 □ 

Let I be the multiplier ideal sheaf of the log pair (P^jAD), and let £ be the log canonical 
singularities subscheme of the log pair (P"^, XD). By Theorem 12.61 there is an exact sequence 

(5.9) ^ -H'°(^C'p4(n) ®x) ^ (^Op4 (n)) ^ (^Oc Op4{n)'^ 

for every n ^ 1. Note that Z = C hy Remark 12.51 
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Lemma 5.10. The equality dim(S') = is impossible. 

Proof. Suppose that dim(5) = 0. Then it follows from the exact sequence 15.91 that the inequality 

LCS(^P^A^)) /i°(^Op4(l)) = 5, 

holds. But LCS(P^,AD) is G-invariant, which is impossible by Lemma |5.4[ □ 
Lemma 5.11. The equality dim(S') = 1 is impossible. 

Proof. Suppose that dim(S') = 1. Then it follows from Theorem 12.101 that 

• the curve is a smooth curve of genus g, 

• the inequality 2g — 2 < deg(5) holds. 

It follows from Lemma 12.121 that deg{Z) ^ 10. Then 

2g-2< deg(S) ^ 10, 

which implies that g ^ 5. The curve Z is not contained in a hyperplane, because G is transi- 
tive. Then 10 ^ deg(Z) = rdeg(S'), which implies that r ^ 10. 

Using the exact sequence 15.91 and the Riemann-Roch theorem, we see that 

(5.12) 5 = /i°(0£»Op3(l)) =r(deg(5) - 5 + 1), 

because C = Z and 2g — 2 < deg(S'). Thus, either r = 1 or r = 5. 

Suppose that r = 5. Then deg(S') = 2 and g = 0, which contradicts the equalities 15.121 
We see that r = 1. Then g = deg(S') — 4. Using the exact sequence 1 5. 9 1 we see that 

15 = Op3 (2)) = 2deg(5) -g + l = deg{S)+ 5, 

which gives g = 6, which is impossible by Theorem 12 . 1 51 and Lemma [2.14( because \G\ ^ 421. □ 

We see that dim(S') = 2. Then deg{Z) ^ 10 by Lemma [2.12[ It follows from Theorem l2.10l that 

• the surface S is normal and has at most rational singularities, 

• there are an effective Q-divisor Bs and an ample Q-divisor A on the surface S such that 

Ks + Bs + A = 0^4{l)\^, 

and the log pair {S, Bs) has Kawamata log terminal singularities. 
Corollary 5.13. The equality r = 1 holds. 

Proof. Two irreducible surfaces in have non-empty intersection. □ 

Thus, we see that the surface S = Z is G-invariant. 
Lemma 5.14. The surface S is not contained in a hyperplane in P^. 

Proof. The required assertion follows from the fact that G is transitive. □ 
Lemma 5.15. The surface S is not contained in a quadric hypersurface in P^. 

Proof. Suppose that there is a quadric hypersurface Q C P^ such that S C Q. Then 

• the quadric Q is irreducible by Lemma [5. 141 

• it follows from Lemma 15.31 that there is a quadric hypersurface Q' C P^ such that 

SQQnQ', 

because otherwise the quadric Q would be G-invariant, 

• the quadric Q' is irreducible by Lemma 15.141 
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Suppose that S = QCiQ'. Then S is singular by Lemma r2.14l and [17] . It follows from [15] that 

|Sing(5)| ^4, 

because 5 has canonical singularities since S" is a complete intersection that has Kawamata log 
terminal singularities. But Sing(S') is G-invariant, which contradicts Lemma |5.4[ 
We see that S ^ Q OQ' . Therefore, it follows from Lemma 15.141 that 

• either S is a cone over a smooth rational cubic curve, 

• or S is a smooth cubic scroll. 

Suppose that S" is a cone. Then its vertex is G-invariant, which contradicts Lemma 15.41 
We see that S" is a smooth cubic scroll. Then there is a unique line L C S such that = — 1, 
which implies that L must be G-invariant, which is impossible, because G is primitive. □ 

Let H he a hyperplane section of the surface S C P^. 

Lemma 5.16. The equalities H ■ H = —H ■ Ks = 5 and x(C's) = hold. 

Proof. It follows from Corollary IA.2I that there is m ^ such that the equality 

/i° [O^i (3) = 5m 

holds. Let us show that this is possible only \i H ■ H = —H ■ Ks = 5 and x(C's) = 0. 
It follows from the Riemann-Roch theorem and Theorem 12.61 that 

(5.17) h'^^OsinH)) = x{OsinH)) = x{Os) + ■ h) - ^[h ■ Ks) 

for any n ^ 1 . It follows from Lemma 15.141 the equalities 15.171 and the exact sequence 15.91 that 

(5.18) 5 = h'(Os{H))=x{Os) + l[H.H)-^(^H.Ks), 

and it follows from Lemma 15.151 the equalities 15.171 and the exact sequence 15.91 that 

(5.19) W = h^(^Os{2H))=x{Os)+2(^H-H) - (^H-Ks). 

It follows from Lemmas [2T2l EH and [5T5] that 4 H ■ H = deg(5) ^ 10. 

Suppose that H ■ H = W. It follows from the equalities 15.181 and 15.191 that xi^s) = 5 and 

H ■ Ks = H ■ H = 10, 

which is impossible, because H = Ks + Bs + A, where A is ample and Bs is effective. 
It follows from the equalities 15.181 and 15.191 that 

H-Ks = 3x(05) - 5 = 3(i7 • i/) - 20. 

It follows from the equalities 15.171 and the exact sequence 15.91 that 

h^(^Op4{3) ^l) = 35 - h^(^Os{3H)) = 35 - (^x{Os) + 1[h • h) - ^(^H ■ Ks)^ = 5m, 

which imphes that H ■ H = 5, xi^s) = and H ■ Ks = -5, because 4 ^ H ■ H s^9. □ 

Let vr: U — )• 5 be the minimal resolution of the surface S. Then k{U) = —oo and 

1 - h^{Ou) = 1 - h^{Os) = h^Os) = h^{Ou) = /i°(Oc/(i^c/)) = 0, 

because S has rational singularities and k{U) = — oo since H ■ Ks = —5 < 0. 

Corollary 5.20. The surface S is birational to E x F^, where E is smooth elliptic curve. 

By Lemma 12.141 there is a monorphism ^: G — t- Aut(y), which contradicts Corollary lA.lli 
The obtained contradiction completes the proof of Theorem 15.51 
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Let 



Appendix A. Horrocks-Mumford group 
be the Heisenberg group of all unipotent 3 x 3-matrices with entries in F5. Then 



y 



1, xz 



for some x,y,z G H. There is a monomorphism p 

/ 1 \ 
1 



p{x) 



p{y) 



zx, yz = zy, xy = zyx 

SL(5, C) such that 

\ 





1 



/C 

e 






\ 











with im{p). Then Z{M) 



and 



G Z 



10 
10 
\ 1 / 

where C is a non-trivial fifth root of unity. Let us identify 

/ C \ 

C 

C 

C 

\ c y 

where Z{M) is the center of M. Let (p: GL(5, C) — ?• PGL(5, C) be the natural projection. 

Lemma A.l ( jl6( §1]). Let H — )• GL(A^, C) be an irreducible representation of M. Then 

• either iV = 1 and Z{m) C ker(x), 

• or is divisible by 5. 

Take n G Z^o- Then EI naturally acts on H^{Op4{n)). 

Corollary A. 2. Let F be a H-invariant subspace in H^{Op4{n)). Then 

• either dim(l/) is divisible by 5, 

• or n is divisible by 5. 

Let HM C SL(5, C) be the normalizer of the subgroup M. Then there is an exact sequence 

/3 



1 



and it follows from [16^ §1] that there is a subgroup 



C 



SL(^2,F5 
such that 



1, 



and M ^ /3(M) = SL(2,F5) ^ 2.A5. Put M = 0(EI) and MM = (j){MM). Then 

MM/M ^ SL(^2,F5) 

and EI ^ Z5 X Z5. Let Z(EIM) be the center of the group MM. Then Z{MM) = Z(M) ^ Zg. 



Corollary A.3. The group MM is isomorphic to MM/Z(MM). 
Let G be a subgroup of the group MM of index 5. Then 

G ^ M X 2.A4 c M X 2.A5, 
and \G\ = 600, where G = (j){G). Let Z{G) be the center of the group G. Then 

Z{G) = z(mMj = z(m^ ^ Z5. 

Lemma A. 4. Let g be an element of the group G such that 

gh = hg £ G 

for every element h £M. Then g £M. 
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Proof. The required assertion follows from [16^ §1]. □ 

Lemma A. 5. Let F be a proper normal subgroup of 2.A4. Then 

• either = Z2 is a center of the group 2.A4, 

• or F = Qs) where Qs is the quaternion group of order 8. 

Proof. The only nontrivial normal subgroup of the group A4 is isomorphic to Z2 x Z2. □ 
Lemma A. 6. The group EI contains no proper non-trivial subgroups that are normal in G. 
Proof. Let 9: EIM — )• Aut(]HI) be the homomorphism such that 

e{g){hj =ghg-'Gm 

for ah g G MM and /i € M. Then ker(6') = M by Lemma |Al 

The homomorphism 9 induces an isomorphism r: M — t- SL(2,F5). 

Let F C M be a subgroup such that /3(F) = (3{G) ^ 2.A4. Then G = M x F. 

Suppose that the group EI contains a proper non-trivial subgroup that is a normal subgroup 
of the group G. Let us consider EI as a two-dimensional vector space over F5. Then 

¥l^m = Vo®Vi, 

where Vq and Vi are one-dimensional T(F)-invariant subspaces, since I2.A4I = 24 is coprime to 5. 
By Lemma lA.41 the homomorphism r induces a monomorphism 

F — > Gl(i,¥5^ X GL(^1,F5) ^ Z4 X Z4, 
which implies that F is an abelian group, which is not the case. □ 
Lemma A. 7. The group G does not contain proper normal subgroups not containing EI. 
Proof. Suppose that G contains a normal subgroup G' such that EI ^ G". Then 

G'nEI= {e}, 

by Lemma \A.6\ where e is the identity element in G. Hence 

G' ^ (3{G') C /3(G) ^ 2.A4, 

which implies that G' is isomorphic to a normal subgroup of the group 2.A4. 

Let Z be the center of G' . Then Z is a normal subgroup of the group G. Thus, we have 

Z^Z2 

by Lemma lA.51 Hence Z is contained in the center of G, which contradicts Lemma |A.4[ □ 

Lemma A. 8. Let F be a smooth elliptic curve. Then there is no monomorphism G — >• Aut(F). 

Proof. Let us consider F as an abelian group. Then there is an exact sequence 

1 ^ F '—^ Aut(F) ^ Z„ ^ 1 

for some n € {2, 4, 6}. 

Suppose that there is a monomorphism 9: G ^ Aut(F). Then 

9(m^ C l{E), 

because t(F) contains all the elements of Aut(F) of order 5. 
Let g be any element of G such that 9{g) £ i^{E). Then 

9{g)9{h)=9{h)9{g) 
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for every h gM, because l{E) is an abelian group, and thus (7 G EI by Lemma lA.4[ Hence 

9{G)nL{E) = ^(m), 

which imphes that v{G) = /3{G) = 2.A4, which is absurd. □ 

The main purpose of this section is to prove the fohowing result. 

Theorem A. 9. Let ii^ be a smooth elhptic curve. Then there is no exact sequence of groups 

(A.IO) 1 G' G G" 1, 

where G' and G" are subgroups of the groups Aut(P^) and Aut(ii^), respectively. 

Proof. Suppose that the exact sequence of groups [A . 1 1 does exist. Then l is not an isomorphism, 
because the group Aut(P^) does not contain subgroups isomorphic to G. 
The monomorphism v is not an isomorphism by Lemma lA.81 Then 

1 C l{G') 

by Lemma fA.71 But Aut(P^) contain no subgroups isomorphic to SI, which is a contradiction. □ 
Corollary A. 11. There is no monomorphism G — )• Bir(i?xP^), where E is smooth elliptic curve. 
We believe that there is a simpler proof of Theorem IA.91 
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